We present measurements of the velocity of electrons, performed with an apparatus using the time-of-flight method, to demonstrate that the speed of light c is the limiting speed for electrons. The results obtained show the applicability of relativity in a regime where nonrelativistic physics predicts velocities exceeding c. The main advantages of the apparatus are the simplicity of its operation and the data analysis. By using electrons from weak radioactive sources the experiment is suitable for the undergraduate laboratory. Furthermore, we show that with electrons from a linear accelerator and the same apparatus, excellent agreement between data and the relativistic expression for the speed of electrons in the keV-MeV energy range is observed.
I. INTRODUCTION
A frequently used starting point for undergraduate books on special relativity is the observation that the speed of electrons approaches but never exceeds the speed of light c as the electron energy is increased. [1] [2] [3] [4] To achieve a difference between the relativistic electron velocity
and the nonrelativistic value v nr = c ͱ 2E kin / m 0 c 2 of more than a few percent, electrons with energies above 100 keV must be used. In these expressions, E kin and m 0 are the kinetic energy and the rest mass of the electron, respectively.
A simple apparatus to measure the velocity of electrons in the moderately relativistic regime, suitable for the undergraduate laboratory, is described. All the elements of the apparatus are easy to operate, and the data analysis is straightforward, based only on speed being defined as the distance traveled per unit time. The apparatus uses weak, 37-kBq, 207 Bi, and 133 Ba radioactive sources which have a half-life of 34.9 ͑Ref. 5͒ and 10.5 years, 6 respectively. These sources emit quasimonoenergetic conversion electrons of sufficient intensity to be able to carry out a measurement of the electron velocity within a few hours. Compared to other devices for the investigation of energetic electrons [7] [8] [9] [10] our apparatus is conceptually simple. Our use of electrons from radioactive sources, instead of using electrons from a linear or Van de Graaff accelerator, makes it much simpler to operate than, e.g., the classic experiment by Bertozzi. 11 With our apparatus, knowledge of physics at the high-school level is sufficient to show that v does not exceed c, even in the case where this is expected on the basis of the nonrelativistic expression.
II. EXPERIMENT
The experiment is based on a measurement of the time required for the electrons to traverse the distance between two scintillator counters. To accurately measure the time of passage of keV electrons without a significant change in the electron energy, a very thin scintillator is required in the upstream end. Typically, ten scintillation photons are emitted for each keV of deposited energy, and the energy loss must be sufficient to yield enough scintillation photons to enable detection. A good and commercially available compromise is a 10 m thick BC-400 scintillator, mounted between two 5-mm thick light guides, as shown in Fig. 1 . This thickness yields a total energy loss of 6.8 for 50 keV electrons and 1.9 keV for 1 MeV electrons, 12 with a spread of similar magnitude. 13 This is a tolerable reduction of the energy of the electrons while producing sufficient scintillation light for amplification in a photomultiplier tube ͑PMT͒.
Since the combined time resolution of the two scintillators is about 1 ns, the flight path needs to be about 1 m to generate a TOF significantly larger than the time resolution. The energy loss in 1 m of air at 1 mbar is 0.7 keV at 50 keV and 0.2 keV at 1 MeV. 12 A standard rough pump is sufficient to pump the flight path to a pressure below 1 mbar.
The experimental results discussed in this paper were obtained with the apparatus shown in Figs. 2 and 3. Both scintillators and the source were kept under vacuum, created by a turbopump. The pressure in the flight path was below 10 −4 mbar. The pulse from each scintillator triggered a "quad constant-fraction discriminator" ͑CFD͒ ͑ORTEC 935͒ which generated fast timing signals. The time difference between the fast timing signals from the S1 and S2 scintillators was measured with a "time-to-amplitude converter" ͑TAC͒ ͑ORTEC 567͒ whose output was digitized using a standard ADC card in a PC. The range of the TAC was set to 50 ns ͑nominal accuracy is Ϯ10 ps.͒ The conversion from ADC channel number to time was determined using a number of ns delays provided by an ORTEC 425A nanosecond delay ͑nominal accuracy Ϯ100 ps or Ϯ1%͒ with both start and stop derived from S1. A typical result of the time-calibration is shown in Fig. 4 .
The time resolution of the electronics ͑including CFDs and TAC͒ ␦t was found by splitting the signal from one PMT into the electronic chain of S1 and S2. The measured value of the time resolution ͑͒ in this case was 25 ps. As on the average only 20 scintillation photons are emitted from the passage of the conversion electrons from the 207 Bi source through S1, statistical variations in this number results in considerable pulse-heights variations. Therefore, even though the discriminator is of the "constant-fraction" type, a rather high threshold ͑70 mV with −2300 V on the XP 2020 PMT, corresponding to about half the maximum amplitude͒ must be set. This is done to achieve good timing resolution Fig. 1 . A schematical drawing of the 10-m thick scintillator and its light guides. To provide protection and stability while maintaining a high lightcollection efficiency, the scintillator is located between two pieces of 5-mm thick light guides, each with a 5-mm diameter hole.
Source S1 S2 Fig. 2 . ͑Color online͒ A photo of the apparatus. The source is located inside the vacuum chamber mounted on top of a turbopump. Scintillator S1, with its PMT oriented in the vertical direction, is mounted to the right of the vacuum section containing the source. At the extreme right scintillator S2 is positioned at the end of the vacuum section. The PMT of S2 is oriented in the horizontal direction. Fig. 3 . A schematical drawing of the setup showing the source S, the collimator C, the 10-m thick scintillator S1, and the 0.5-mm thick scintillator S2. Scintillators S1 and S2 are separated by a length L.
(a) (b) Fig. 4 . ͑Color online͒ ͑a͒ Calibration spectrum of the time-to-amplitude converter using a number of 2-ns delays provided by an ORTEC 425A delay. This spectrum was obtained in about 2 min with electrons from a 37-kBq radioactive source. ͑b͒ Linear correlation between the time difference between START and STOP and the digitized output of the time-toamplitude converter yielding a linear relationship between channel number and time ⌬t / channel= 0.1069Ϯ 0.0002 ns/ channel.
and avoid an unrealistic fraction of coincidences that seem to propagate faster than the speed of light due to late triggering of S1 ͑this is particularly important if the setup is to be used for teaching purposes͒. The centroid of the distribution is unaffected by the adjustment of the CFD threshold. A reduction of the number of useful counts from the source to about half the initial value results from this threshold. Nevertheless, even with a weak, 37 kBq, 207 Bi source, a useful TOF spectrum is obtained within few minutes for the configuration where the distance between S1 and S2 is 5 mm. An example of a TOF spectrum obtained with this configuration is shown in Fig. 5 . The measured TOF resolution of the scintillators is t = 0.7 ns-PMT and scintillation by far dominating compared to the contribution from the electronics. The total number of counts obtained within an hour in this configuration is about 14 000; the centroid of the distribution can be determined with high accuracy in about 10-15 min.
The measured time between S1 and S2 includes delays due to cable lengths, CFD delays, and the actual TOF of the electrons over the flight path of length L. By inserting a vacuum tube of known length ⌬L, thus extending L, the observed TOF shifts by ⌬t, while all other parameters remain constant. The velocity is readily obtained: v = ⌬L / ⌬t. Figure 6 shows two typical time-of-flight spectra obtained with the 207 Bi source, displaying a shift in flight time ⌬t as a result of adding an extra flight path ⌬L = 733 mm.
Covering the entire flight path of ⌬L Ӎ 1 m in -metal did not improve the time resolution, which means that the Earth magnetic field has no detectable effect on the measured velocity. Several thicknesses of the stop-scintillator S2 were tested, but reducing the thickness below 0.5 mm only reduces the efficiency, not the time resolution. Finally, a series of thin disks with holes, installed inside the vacuum tube and centered on the flight path, were used to determine if a substantial fraction of the electrons intercepted by S2 had been small-angle scattered off the inner wall of the vacuum chamber. Also this had no detectable effect. It is possible, however, that an intrinsically faster scintillation material like BC-418 would improve the time resolution slightly. This was not tested.
For teaching purposes it can be emphasized that the TAC is "the clock," while it is more evident to the students that a "meter stick" is needed to measure ⌬L. Furthermore, a discussion of the time-calibration aspects ͑"period" of the clock͒ is suitable during the insertion of the ns delays from the ORTEC 425A. The sources used were bought from "Isotrak" with a nominal, uncalibrated activity of 37 kBq. This corresponds to approximately 0.5 Sv/ h at a distance of 0.1 m, which in most countries is acceptable for handling by students. The sources do therefore not require a source-specific licence. In a typical geometry with a 0.733 m flight path and with effective scintillator diameters of d S1 = 5 mm and d S2 = 90 mm, the number of coincidences within the region of interest was about 10 per minute. The energies of the main conversion electrons and their relative abundances are given in Table I . The sources are sealed with a layer of 0.9 mg/ cm 2 aluminized Bi source for a configuration where S1 and S2 are 5 mm apart. The curves show least-squares fits to the central region of the distribution, using a Gaussian ͑solid curve, = 0.68 ns͒ and a Lorentzian distribution ͑dashed curve, = 0.70 ns͒. Mylar, covering the active region. This gives an energy loss of 2 keV at an electron energy of 1 MeV. For electron energies below 100 keV, where the difference between v and v nr is small, the energy loss and spread through the sealing foil and S1 is comparable to the initial energy, and conversion electrons with these energies cannot be identified. For 133 Ba this leaves the 240, 267, and 320 keV conversion electrons for which a TOF spectrum can be obtained ͑see Table I .͒ The sources were not damaged by residing in vacuum for extended periods of time and are thus safe to handle, with a minimum of radiation protection necessary.
III. RESULTS

A. Radioactive sources
With a 1-m long flight tube, the difference in the time-offlight of and 482-and 1048-keV electrons is 0.36 ns. This difference is too small to resolve the contributing energies and a weighted average of 900 keV is used for the energy of the electrons originating from the source. Figure 7 shows a measurement with ⌬L = 1.653 m over 93 h-giving too low intensity for an exercise. Even in this case, the dominant contribution from the 975 keV electrons is hardly distinguishable from the contributions of the other channels.
A typical result obtained with a 208 Bi source is shown in Fig. 8 as the filled square. The result, ␤ = v / c = 0.94Ϯ 0.04, clearly favours the relativistic expression by a convincingly large margin compared to the nonrelativistic ␤ nr = 1.9. This result was obtained within 2 h, including time calibration and the exchange of the flight tube with ⌬L Ӎ 0.8 m.
A few alternative sources with a long half-life can be used:
137
Cs ͑E e − = 624 keV ͓7.7͔, 656 keV ͓1.4͔͒ and
226
Ra ͑Ē e − = 172 keV ͓1.8͔͒, where only the main energies of conversion electrons are shown with the abundance in percent in the square brackets. 137 Cs has the complication that there are two continuous ␤ − spectra as well, with endpoint energies of 512 ͓94.6͔ and 1173 ͓5.4͔ keV. In the case of 226 Ra, gamma rays, detectable in S2 with low efficiency, are emitted from a short-lived excited state in 222 Ra that results from the ␣ decay of 226 Ra with an abundance of 5.5%. Thus, the gamma rays are emitted in close coincidence with an ␣ particle that gives a strong signal in S1. With a flight tube of 1.653 m, we have measured the velocity of these photons to be ͑0.99Ϯ 0.01͒ · c. 
B. Linac
The experiment can also be performed with electrons from a linear accelerator ͑linac͒, using the same apparatus but with a significantly longer flight tube, i.e., a significantly reduced solid angle subtended by S2. The reduction in solid angle can be tolerated since there is no limitations on the electron intensity, and all electrons move in the forward direction. The results obtained with electrons of energies between 400 and 2000 keV are shown in Fig. 9 .
As expected, these results are in excellent agreement with the relativistic expression, Eq. ͑1͒. Moreover, it is reassuring that measurements with a meter stick and a clock, used to measure flight length and time, yield results in excellent agreement with theory. Although this by no means provides a competetive test of special relativity, it does give an unequivocal demonstration of one of its most fascinating elements, that nothing moves faster than the speed of light.
IV. CONCLUSION
We have presented measurements of the velocity of keVMeV electrons from two weak radioactive sources showing that nonrelativistic physics ceases to be a good approximation at sufficiently high energies. The apparatus used in these measurements is suitable for the undergraduate laboratory. The results are confirmed using electrons from a linear accelerator. The measurements are essentially performed by the use of a meter stick and a clock, the basic ingredients of special relativity, and thus provide a nice and direct demonstration of a fundamental aspect of relativity. In 1892 Drude and Nernst reported the first observation of a standing light wave by using a fluorescent thin film, which is a real-time version of Wiener's first experiment on standing light wave. We reproduce the experiment by Drude and Nernst with improved efficiency using modern laser technology and a highly fluorescent -conjugated polymer. We also used a glass plate scratched slightly on one surface to visualize the same phenomenon using diffuse reflection instead of fluorescence. This method has the advantage of being a wavelength-independent observation compared to the fluorescence method. 
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I. INTRODUCTION
When Hertz generated and measured radio waves predicted by Maxwell's equations, the observation of standing waves provided strong support for the wave theory. Soon after Hertz's pioneering experiment, Wiener demonstrated a standing wave of light. [1] [2] [3] As shown in Fig. 1͑a͒ , a silvered plane mirror was illuminated normally by a parallel beam of quasi-monochromatic light. Wiener placed a glass plate coated with a photographic emulsion layer ͑thinner than / 20, where is the wavelength͒ making a small angle of incidence. The emulsion layer was placed immediately in front of the mirror, with one edge of the slide touching the mirror surface. After developing, a series of black fringes were observed, which were due to the formation of nodes and antinodes of the standing light wave. From the fact that the first dark fringe occurred at half of the period of the fringe spacing from the contacted edge of the plate ͑not right at the edge͒, Wiener showed that the electric field in the standing light wave was responsible for the chemical change of the photographic emulsion.
A real-time observation method of standing light waves was reported by Drude and Nernst using a fluorescent thin film only a few years after Wiener's experiment. 4 The strongest fluorescence was observed when the film was placed at one of the antinodes of the electric field, and the emission was weakest between the two consecutive antinodes, where a node for the electric field was located.
We make a similar experimental demonstration to that of Drude and Nernst that can be easily implemented in an undergraduate optics laboratory. Thanks to the progress in science and technology since the original version 116 years ago, this experiment can be done with improved efficiency. In particular, we used a He-Ne laser as a light source. Lasers not only provide coherence, but also allow collimation of an intense light beam. Another improvement is the adoption of a -electron conjugated polymer as a fluorescent material. 5 It can be easily spin-coated on a glass substrate to form a thin film with highly efficient fluorescence when excited by light with the proper wavelength. In addition, we used a precision translation stage for more direct visualization of the nodes and antinodes. We also used scattering instead of fluorescence for the standing wave observation. For this purpose a glass plate slightly scratched on one side was used in place of the fluorescent film, and the scattered light from the scratched surface was observed.
II. OBSERVATION OF STANDING LIGHT WAVE BY FLUORESCENCE
The optical setup of our experiment is shown schematically in Fig. 1͑b͒ . We employed MEH-PPV ͑Sigma-Aldrich͒ as a probe material, which is a highly fluorescent -electron conjugate polymer. 5 Thin films of MEH-PPV were formed on glass substrates by the spin-coating method. Three milligrams of MEH-PPV powder was dissolved in 3 ml toluene, and the solution was agitated by a magnetic stirrer for 18 h at 30°C to make a uniform solution. The solution was dropped on an anti-reflection-coated glass substrate ͓Edmund-optics, B270, MgF 2 coated͔ and spun at 1200 rpm for 40 s using a spin coater ͓Able Co. ASS-302H͔. We used an antireflection-coated glass substrate to reduce unwanted scattering and multiple reflections by the glass-air interfaces, although an uncoated substrate could be used for a simple demonstration. Just after coating, the film was allowed to dry for 50 s maintaining the spin rate of 800 rpm, then softbaked at 60°C for 30 s to evaporate the residual solvent. Under these conditions we could form 10 nm thick uniform films, with which we could resolve the changes in the fluorescence in the / 2 range of node-to-node distance.
The absorption spectrum of the MEH-PPV thin film in Fig. 2 was measured by a spectrophotometer ͓Varian, Cary 5E͔. Because the MEH-PPV films absorb green and emit orange light as shown in the spectrum, we used a 0.5 mW He-Ne laser operating at = 543.5 nm as the light source to produce standing waves. A long-wavelength pass filter was used to distinguish the fluorescence due to the film from the scattered green laser light. The filter transmits less than 0.1% of the input intensity at 560 nm and below, with the 1 / 2 intensity cutoff at 585 nm. The laser beam was expanded to Ϸ10 mm in diameter and collimated by a telescope to facilitate observation by the naked eye. The collimated laser beam was normally incident on a silver mirror and reflected exactly backward to make a field-superposition with the incident beam, resulting in a standing wave. A node of the electric field is formed at the mirror surface to satisfy the boundary conditions for the electromagnetic fields, and the consecutive nodal planes are located at a distance / 2 from the mirror surface or the neighboring nodal planes.
The polymer film plane was aligned parallel to the wavefront ͑normal incidence͒, and the mirror was translated along the direction of the wavevector by a translation stage/ stepping motor system ͓THORLABS, T25X͔ with a unit step of 50 nm. Figure 3͑a͒ shows a series of pictures taken during the translation between the adjacent nodes ͑ / 2 distance͒. Bright fluorescence is observed whenever the thin film hits an antinodal plane of the electric field. Strong absorption in the -electron conjugate polymers is due to the electric dipole, although we did not verify that the electric field ͑not the magnetic field͒ causes fluorescence in the current experiment. Because the lifetime of the fluorescence or spontaneous emission of MEH-PPV is only a few nanoseconds, the observation of the antinodes was made in real time. No time lag of fluorescence or phosphorescence was observed when the sample was moved from an antinode to the adjacent nodes. The surface flatness of the silver mirror and the film/ substrate was good enough to produce a single dark or bright pattern ͑without a fringe͒ on the film when it was within several centimeters from the mirror. This observation supports that the imperfections of the surfaces of the mirror and the substrate do not cause any wavefront aberration greater than / 2 within the beam diameter and the round-trip distance.
We next made a slight tilt in the fluorescent film alignment, giving a small angle of incidence to visualize a few fluorescent stripes on the film as shown in Fig. 3͑b͒ . The fringe spacing became smaller with increasing angle of incidence as expected. For the three antinodes in the 1 cm beam, the tilt angle was evaluated to be Ϸ5 ϫ 10 −5 rad.
III. OBSERVATION OF STANDING LIGHT WAVE BY SURFACE SCATTERING
A limitation of using a fluorescent polymer thin film as a sensor for standing light waves is that it suffers from photochemical bleaching after extended exposure to laser light in air. Although this limitation can be greatly alleviated by using a special packaging technique, we did not use that in our experiment. For a thin film in air exposed to a laser intensity of 1 mW/ cm 2 or less, it took more than a few hours to lose significant fluorescence due to photobleaching. Although it did not affect the continuous demonstration of nodes and antinodes within this time scale, we found that scattering ͑or diffuse reflection or random diffraction͒ is an alternative for detecting nodes and antinodes, without the need of changing the probe material for a long time. Furthermore, He-Ne lasers producing red light ͑ = 632.8 nm͒ are the most commonly used lasers in optics laboratories, and few fluorescent materials working at this low energy excitation are available. Although near-infrared dyes exist, the emissions are inefficient, and the result is not directly visible to the naked eye. Because scattering is not sensitive to the wavelength of the light source used in the standing wave experiment, the scattering method could be a low cost alternative to the fluorescence method in undergraduate optics laboratories, if they produce equivalent results.
We made slight scratches on one surface of the same substrate as in the fluorescence experiment with a fine abrasive. Figure 4͑a͒ shows a microscope picture of the scratched surface. The effect of the scratched surface was verified by observing the scattering of the laser beam from the surface. As shown in Fig. 1͑b͒ , a screen with a circular aperture was placed 10-20 cm before the glass plate, allowing the input beam to pass through it. The back scattered pattern on the screen was observed with and without the silver mirror. When we blocked the reflection from the mirror, only the incident traveling light wave passed through the scratched surface, causing the scattered pattern as shown in Fig. 4͑b͒ . We interpret it to be a reflected diffraction pattern due to the random gratings on the surface. In contrast, when we unblocked the reflection, allowing a standing wave to form, we observed the identical and brighter pattern shown in Fig. 4͑c͒ if the scratched plane was properly located. Thus, the backward propagating beam produces the same diffraction pattern as in the incident beam alone, but in the transmission mode. The two patterns can interfere constructively or destructively depending on the optical path length between the scratched surface and the mirror, making the observations of nodes and antinodes possible.
The images on the scratched glass plate are comparable to those of fluorescence, although the picture quality was slightly worse due to laser speckle and the unevenly ground surface ͑see Fig. 5͒ . However, nodes and antinodes were clearly distinguishable as shown in the pictures. Fig. 3 . Fluorescence from a polymer film from one node to the next; ͑a͒ normal incidence and ͑b͒ fringe pattern for the polymer film slightly tilted from normal incidence. Fig. 4 . Pictures of ͑a͒ a scratched surface on a glass plate, ͑b͒ the diffraction patterns from a traveling wave, and ͑c͒ a standing wave. Fig. 5 . Scattering from a scratched glass from one node to the next; ͑a͒ normal incidence and ͑b͒ fringe pattern when the glass plate was slightly tilted from normal incidence.
IV. CONCLUSION AND FUTURE SUGGESTIONS
We successfully reproduced the standing wave experiment by Drude and Nernst. 4 Visualization of the nodes and antinodes was easily performed by using a laser as the light source and a fluorescent polymer or scratched glass surface as the detecting device. This experiment can be easily implemented in the undergraduate optics laboratory because of its simple setup, and there is no need for expensive equipment. The standing wave experiment utilizing the scattering method can be done with a low cost red diode laser. We also suggest that, although we used a stepping motor in this experiment, a much cheaper dc motor can be used for a classroom demonstration. Even without a motor, we can roughly see blinking on the screen by translating the sample stage manually with a micrometer screw as in the Michelson interferometers used in undergraduate optics laboratories. Our standing wave experiment is more similar to the Michelson interferometer experiment than other experiments demonstrating the wave nature of light such as Young's double slit interference and single slit diffraction, in the sense that we can directly "sense" the wavelength.
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I. INTRODUCTION
A number of investigations and demonstrations of rotational motion and precession can be performed using a spherical air bearing and a ball bearing or a polystyrene ball with an embedded magnet. [1] [2] [3] [4] A billiard ball, 5 for instance, can easily be modified to contain a magnet to provide a magnetic moment. A screw, attached to the ball, can provide a gravitational torque. However, the construction of a spherical air bearing is difficult, usually requiring access to lathes and milling machines as well as experience with these tools. We have developed a very simple method for assembling a spherical air bearing as part of an effort to construct a mechanical analog of nuclear magnetic resonance. 1 Our method is inexpensive and does not require access to machines more complex than a drill press.
II. CONSTRUCTION OF THE AIR BEARING
The air bearing is made by casting polyester resin 6 in a high-density polyethylene ͑HDPE͒, low-density polyethylene ͑LDPE͒, or polypropylene container. These types of plastic are indicated as number 2, 4, or 5 type recyclables in the United States. The advantage of these materials is that the hardened resin does not stick to them, making it easy to remove the casting from the mold. We use plastic margarine tubs as molds.
To ensure a good spherical surface, the billiard ball itself is used as part of the mold. A 1.27 cm ͑0.5 in.͒ diameter rod is hot-glued to the billiard ball. This rod supports the partially submerged ball in the polyester resin as the resin hardens. The end of the billiard ball, opposite the rod, is coated with at least three layers of poly vinyl acrylate ͑PVA, available in craft supply stores͒ as a mold release. Each layer of PVA is allowed to dry between coats. Care is taken to keep the coats of the mold release smooth and uniform, with no drips or bubbles. To make the bearing, the mold is filled to a depth of about 4 cm with polyester resin. An appropriate amount of hardener is then mixed in the mold, as described in the resin's directions. The billiard ball is suspended by the rod from a ring stand until 1 -2 cm of the ball is submerged. The polyester is allowed to set for at least 24 h before the casting is removed from the mold. The billiard ball is removed from the casting using a slight twisting action.
To complete the air bearing an air orifice is required. As long as the location of the orifice is reasonably close to the center of the air bearing, its exact location will not have a measurable effect on the motion of the ball. We have varied the orifice size and found that it does not make a difference in the operation of the bearing. A 1 / 8 in. ͑3.18 mm͒ diameter orifice was found to work well. This orifice is partially bored through the approximate center of the casting and a second hole is bored from the side to join this first one so that a gas line can be attached to the side of the bearing, as shown in Fig. 1 . The side entrance hole is bored out with a 0.332 in. drill bit and tapped for 1 / 8 in. pipe thread.
Modifying the billiard ball is straightforward. A cylindrical magnet can be easily embedded within the billiard ball, using a drill press and epoxy. A gravitational torque can be generated by attaching a mass to the surface of the ball. A larger lever arm can be created by drilling and tapping a hole in the ball for an 8-32 screw. These modifications can be made prior to removing the billiard ball from the air bearing casting since the casting is a very convenient holder.
III. OPERATIONAL DETAILS OF THE BEARING
Using a 1 / 8 in. orifice and an air pressure between 1 and 7 psig, the ball floats in the air bearing. All our measurements were performed with a pressure of 3 psig. Once the ball is positioned in the air bearing, it can be spun by twisting the screw by hand. For higher angular speeds, the ball can be rotated using a drill with a bit matched to the 8-32 screw.
For precession measurements with a constant external torque, it is necessary to set the angle of the axis of rotation, which lies along the direction of the screw. Once the ball is spinning, we set this angle to the desired value using an Allen wrench to change the orientation of the screw, and thus the rotation axis. To measure the angle of the axis of rotation, a desk lamp is placed on one side of the apparatus and a protractor is placed on the other. The shadow of the billiard ball and screw are projected on the protractor and the angle of the screw with respect to the vertical can be determined and held constant.
To measure frictional effects in the bearing and the precession rate of the billiard ball, it is necessary to measure both the rotational frequency and the precession period of the ball. The rotational frequency is measured by using a small 1 mm 2 photodiode mounted on the edge of the bearing ͑PD1 in Figs. 1 and 2͒ . A dark line is drawn half way around the ball using a black marker. As the line passes the photodiode, there is a detectable decrease in the intensity of reflected room light. The signal from this photodiode is used to determine the period of rotation of the billiard ball. To measure the precession period, aluminum foil is attached to the head of the screw. A second photodiode ͑PD2 in Figs. 1 and 2͒ is mounted at the appropriate angle such that when the screw passes under the photodiode, there is an increase in the intensity of the light reaching the photodiode. This increase in the light intensity results in a small voltage signal generated by the photodiode. The time between two or more signals from PD2 yields the precession period.
IV. TESTING THE AIR BEARING
To test the functionality of the air bearing two studies were performed. The first study examined the frictional effects in the air bearing to determine the quality of the bearing. In these measurements, the rotational frequency of the ball was measured as a function of time. An example of the data col- Fig. 1 . Schematic of the air bearing and the experimental setup. PD1 and PD2 are small photodiodes. S is the screw with a reflective top. Fig. 2 . Photograph of the experimental setup used to acquire the precession data. Photodiodes PD1 and PD2 are indicated. 
